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MULTISCALE HOMOGENIZATION IN KIRCHHOFF’S 
NONLINEAR PLATE THEORY 

LAURA BUFFORD, ELISA DAVOLI, AND IRENE FONSECA 


Abstract. The interplay between multiscale homogenization and di¬ 
mension reduction for nonlinear elastic thin plates is analyzed in the 
case in which the scaling of the energy corresponds to Kirchhoff’s non¬ 
linear bending theory for plates. Different limit models are deduced 
depending on the relative ratio between the thickness parameter h and 
the two homogenization scales e and 


1. Introduction 

The search for lower dimensional models describing thin three-dimensional struc¬ 
tures is a classical problem in mechanics of materials. Since the early ’90s it has 
been tackled successfully by means of variational tecniques, and starting from the 
seminal papers [iiiaia [TS] hierarchies of limit models have been deduced by F- 
convergence, depending on the scaling of the elastic energy with respect to the 
thickness parameter. 

The first homogenization results in nonlinear elasticity have been proved in [5] 
and [50]. In these two papers, A. Braides and S. Miiller assume p-growth of a 
stored energy density W that oscillates periodically in the in-plane direction. They 
show that as the periodicity scale goes to zero, the elastic energy W converges 
to a homogenized energy, whose density is obtained by means of an infinite-cell 
homogenization formula. 

In |31|7] the authors treat simultaneously homogenization and dimension reduc¬ 
tion for thin plates, in the membrane regime and under p-growth assumptions of 
the stored energy density. More recently, in [17], [24], and [SJ models for homog¬ 
enized plates have been derived under physical growth conditions for the energy 
density. We briefly describe these results. 

Let 

nh:=UJX (-|,|) 

be the reference configuration of a nonlinearly elastic thin plate, where a; is a 
bounded domain in and h > 0 is the thickness parameter. Assume that the 
physical structure of the plate is such that an in-plane homogeneity scale e{h) arises, 
where {h} and {e(/i)} are monotone decreasing sequences of positive numbers, 
h —^ 0, and e{h) —>■ 0 as h —>■ 0. In [T7l[24l[27] the rescaled nonlinear elastic energy 
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associated to a deformation v G is given by 


X\v) := 



dx, 


where x' := (xi,X 2 ) G w, and the stored energy density W is periodic in its first 
argument and satisfies the commonly adopted assumptions in nonlinear elasticity, as 
well as a nondegeneracy condition in a neighborhood of the set of proper rotations. 

In [24] the authors focus on the scaling of the energy corresponding to Von 
Karman plate theory, that is they consider deformations G K.^) such 

that 

limsup —— < +0O. 
h^o ^ 

Under the assumption that the limit 


7i 


lim 

h^Q e[h) 


exists, different homogenized limit models are identified, depending on the value of 
7 i G [0, +cxo]. 

A parallel analysis is carried in where the scaling of the energy associated 
to Kirchhoff’s plate theory is studied, i.e., the deformations under consideration 
satisfy 

limsup ——— < +0O. 
h^o h 

In this situation a lack of compactness occurs when 71 = 0 (the periodicity scale 
tends to zero much more slowly than the thickness parameter). A partial solution 
to this problem, in the case in which 


72 


:= lim 


0 e^(h) 


= + 00 , 


is proposed in HZ], by means of a careful application of Friesecke, James and 
Muller’s quantitative rigidity estimate, and a construction of piecewise constant 
rotations (see jS] Theorem 4.1] and [2 Theorem 6] and (27] Lemma 3.11]). The 
analysis of simultaneous homogenization and dimension reduction for Kirchhoff’s 
plate theory in the remaining regimes is still an open problem. 


In this paper we deduce a multiscale version of the results in [17] and [77]. We 
focus on the scaling of the energy which corresponds to Kirchhoff’s plate theory, 
and we assume that the plate undergoes the action of two homogeneity scales - a 
coarser one and a finer one - i.e., the rescaled nonlinear elastic energy is given by 


J^{v) 


1 

h 



e{hy e^{hy 



dx 


for every deformation v G K^), where the stored energy density W is 

periodic in its first two arguments and, again, satisfies the usual assumptions in 
nonlinear elasticity, as well as the nondegeneracy condition (see Section [7]) adopted 
in [T71[71[77]. We consider sequences of deformations {v^} C R^) verify¬ 

ing 

h\ 

limsup——— < -boo, ( 1 . 1 ) 

h^o h 
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and we seek to identify the effective energy associated to the rescaled elastic energies 
—-j for different values of 71 and 72 , i.e. depending on the interaction of the 
homogeneity scales with the thickness parameter. 

As in a sequence of deformations satisfying (HU) converges, up to the ex¬ 
traction of a subsequence, to a limit deformation u G satisfying the 

isometric constraint 


dx^u{x') ■ dxf)U{x') = Sa,p for a.e. x'G w, a,/3G{l,2}. (1.2) 

We will prove that the effective energy is given by 

g-yi (y) . ^ 11 ^ L (n“ (x')) dx' if u satisfies (dHI) , 

1 -boo otherwise, 

where 11“ is the second fundamental form associated to u (see (14.41) 1. and ^hom 
is a quadratic form dependent on the value of 71 , with explicit characterization 
provided in (I5.2I) - (I5.4D . To be precise, our main result is the following. 


Theorem 1.1. Let 71 G [0,-boo] and let 72 = -boo. Let {x^} C R^) 

be a sequenee of deformations satisfying the uniform energy estimate (11.11) . There 
exists a map u G lT^’^(w;R^) verifying (HU sueh that, up to the extraetion of a 
(not relabeled) subsequence, there holds 

v^(x',/1X3) — -r {x', hxs) dx ^ u strongly in 

Jq.1 

,hx^) {V'u\nu) strongly in L^(f2i; 


with 


n-uix') := dxiu{x') A dx 2 u(x') for a.e. x G to, 


and 

jh! h\ 

liminf ——-— > (1.3) 

h^o 

Moreover, for every u G lT^’^(a;;M^) satisfying HU, there exists a sequence {v^} C 
such that 

jh/ h\ 

limsup ^ ^ < f^i(u). (1.4) 

/i->o h 


We remark that our main theorem is consistent with the results proved in m 
and m- Indeed, in the presence of a single homogeneity scale, it follows directly 
from (I5.2I) - (I5.4[) that Uhom reduces to the effective energy identified in [T7] and 
m for 7 i G (0, -boo] and 71 = 0, respectively. The main difference with respect 
to [T7] and [57] is in the structure of the homogenized energy density Uhom, which 
is obtained by means of a double pointwise minimization, first with respect to the 
faster periodicity scale, and then with respect to the slower one and the X 3 variable 
(see (I5.2I) - (|5.4I) 1. 


The quadratic behavior of the energy density around the set of proper rotations 
together with the linearization occurring due to the high scalings of the elastic 
energy yield a convex behavior for the homogenization problem, so that, despite 
the nonlinearity of the three-dimensional energies, the effective energy does not have 
an infinite-cell structure, in contrast with |20j . The main techniques for the proof 
of the liminf inequality (11.31) are the notion of multiscale convergence introduced in 
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[3], and its adaptation to dimension reduction (see [22]). The proof of the limsup 
inequality m follows that of m Theorem 2.4]. 

The crucial part of the paper is the characterization of the three-scale limit of 
the sequence of linearized elastic stresses (see Section |4|) . We deal with sequences 
having unbounded norms but whose oscillations on the scale e or are uniformly 
controlled. As in m Lemmas 3.6-3. 8 ], to enhance their multiple-scales oscillatory 
behavior we work with suitable oscillatory test functions having vanishing average 
in their periodicity cell. 

The presence of three scales increases the technicality of the problem in all scal¬ 
ing regimes. For 71 G (0,-|-oo], Friesecke, James and Muller’s rigidity estimate (( 8 ] 
Theorem 4.1]) leads us to work with sequences of rotations that are piecewise con¬ 
stant on cubes of size e(h) with centers in e{h)l?. However, in order to identify the 
three-scale limit of the linearized stresses, we must consider sequences oscillating 
on a scale e^{h). This problem is solved in Step 1 of the proof of Theorem 14.11 
by subdividing the cubes of size e^(h), with centers in £^{h)l?, into “good cubes” 
lying completely within a bigger cube of size e(/i) and center in e{h)'I? and “bad 
cubes”, and by showing that the measure of the intersection between w and the set 
of “bad cubes” converges to zero faster than or comparable to e{h), as h —>■ 0 . 

The opposite problem arises in the case in which 71 = 0. By Friesecke, James and 
Muller’s rigidity estimate m Theorem 4.1]), it is natural to work with sequences 
of piecewise constant rotations which are constant on cubes of size £^(h) having 
centers in the grid £^(h)Z^, whereas in order to identify the limit multiscale stress 
we need to deal with oscillating test functions with vanishing averages on a scale 
e{h). The identification of “good cubes” and “bad cubes” of size £^{h) is thus not 
helpful in this latter framework as the contribution of the oscillating test functions 
on cubes of size s^{h) is not negligible anymore. Therefore, we are only able to 
perform an identification of the multiscale limit in the case 72 = -boo, extending to 
the multiscale setting the results in [27]. The identification of the effective energy 
in the case in which 71 = 0 and 72 G [0, -boo) remains an open question. 

The paper is organized as follows: in Section[2]we set the problem and introduce 
the assumptions on the energy density. In Section 0 we recall a few compactness 
results and the definition and some properties of multiscale convergence. Sections 
lU and El are devoted to the identification of the limit linearized stress and to the 
proof of the liminf inequality (|1.3|) . In Section| 6 ]we show the optimality of the lower 
bound deduced in Section [5l and we exhibit a recovery sequence satisfying (II. 4p . 


1.1. Notation. In what follows, Q ■= { — denotes the unit cube in 

centered at the origin and with sides parallel to the coordinate axes. We will write 
a point a: £ as 

X = {x\x 3 ), where x' G and X 3 G R, 

and we will use the notation V' to denote the gradient with respect to a:'. For 
every r £ R, [r] is its greatest integer part. With a slight abuse of notation, for 
every x' £ R^, [x'] and [x'J are the points in R^ whose coordinates are given by 
the greatest and least integer parts of the coordinates of x', respectively. Given a 
map (j) G IT^’^(R^), {y ■ V')0(x') stands for 

{y ■ V')4>{x) := yidx^(t>{x') + y 2 dx^(j>{,x) for a.e. x' £ R^ and y GQ. 
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We write to indicate the map 

{V)^cj){x') := (—for a.e. x' G 


We denote by the set of matrices with n rows and m columns and by 

S'0(3) the set of proper rotations, that is 

50(3) := {R G M3X3 : ^ ^ ^ ^ 


Given a matrix M G M' stands for the 3x2 submatrix of M given by its 

first two columns. For every M G M"^", symM is the the n x n symmetrized 
matrix defined as 


symM := 


M + M^ 
2 


Whenever a map v G C°° , • • •, is Q-periodic, that is 


v{x + Ci) = v{x) i = 1, 2, 

for a.e. x G where {ei, 62 } is the othonormal canonical basis of we write v G 
Lpej., 0“,., • • •, respectively. We implicitly identify the spaces L'^{Q) and Lpgj.(]R^). 
We denote the Lebesgue measure of a measurable set A C by |^|. 

We adopt the convention that C designates a generic constant, whose value may 
change from expression to expression in the same formula. 


2. Setting of the problem 


Let a; C be a bounded Lipschitz domain whose boundary is piecewise C^. 
This regularity assumption is only needed in Section [51 while the results in Sections 
EHSl continue to hold for every bounded Lipschitz domain a; C . We assume that 
the set 

nh:=ujx (-|,|) 

is the reference configuration of a nonlinearly elastic thin plate. In the sequel, 
{h} and {e(Ii)} are monotone decreasing sequences of positive numbers, —>■ 0 , 
£{h) —>■ 0 as ft. —>■ 0 , such that the following limits exist 


71 := lim —— 
/i-s-o e(ft) 


and 72 := lim 


h^Q £2 (ft) ’ 


with 71,72 G [0, + 00 ]. There are five possible regimes: 71,72 = + 00 ; 0 < 71 < +00 
and 72 = + 00 ; 7 i = 0 and 72 = + 00 ; 71 = 0 and 0 < 72 < + 00 ; 71 = 0 and 72 = 0 . 
We focus here on the first three regimes, that is on the cases in which 72 = + 00 . 
For every deformation v G IF^’^(n/i; K^), we consider its rescaled elastic energy 




1 

ft 



e(ft)’e 2 (ft)’ 



dx, 


where W : x x [0,+ 00 ) represents the stored energy density of 

the plate, and {y,z,F) i-A W{y,z,F) is measurable and Q-periodic in its first two 
variables, i.e., with respect to y and z. We also assume that for a.e. y and z, the 
map W{y^ z, •) is continuous and satisfies the following assumptions: 

(HI) W{y,z,RF) = W{y,z,F) for every F G and for all R G SO{Z) (frame 

indifference), 

(H2) W{y,z,F) > Cl dist^(F'; 50(3)) for every F G (nondegeneracy), 

(H3) there exists <5 > 0 such that W{y,z,F) < C 2 dist^(F; 50(3)) for every F G 
M3X3 with dist(C; 50(3)) < <5, 
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(H4) lim|g|_).o S(y,z,G) _ ^[y^z,-) is a quadratic form on 

M3x3_ 

By assumptions (H1)-(H4) we obtain the following lemma, which guarantees the 
continuity of the quadratic map ^ introduced in (H4). 

Lemma 2.1. Let W : x K.^ x —>• [0,+oo) satisfy (H1)-(H4) and let 

^ X X —>■ [0, +oo) be defined as in (Hf). Then, 

(i) ^{y,z,-) is continuous for a.e. j/, zSR^, 

(a) is Q X Q-periodic and measurable for every F G 

(Hi) for a.e. y,z € R^, the map ^{y,z,-) is quadratic on and satisfies 

^IsymFp < ^{y,z,F) = ^(y,z,symF) < CIsymFp 

for all F G and some C > 0. In addition, there exists a monotone 

function 

r : [0, +oo) —>■ [0, +oo], 
such that r(S) —>-0 as <5 —>■ 0, and 

\W{y, z, Id+F)- ^{y, z,F)\< |F|V(|F|) 
for all F G for a.e. y,z G R^. 

We refer to [231 Lemma 2.7] and to [531 Lemma 4.1] for a proof of Lemma [2.11 
in the case in which ^ is independent of z. The proof in the our setting is a 
straightforward adaptation. 

As it is usual in dimension reduction analysis, we perform a change of variables in 
order to reformulate the problem on a domain independent of the varying thickness 
parameter. We set 

D, := Hi = uj X (-i, i) 

and we consider the change of variables : Lt ^ defined as 

= {x', hxfi) for every a; G 12. 

To every deformation v G R^) we associate a function u G VF^’^(r2; R^), 

defined as u := u o ■0^, whose elastic energy is given by 

= I ”'(05. ’'.“W) -i*. 

where 

Vhu { x ) := ^V'M(a:)| ^ ^ x G 12. 

In this paper we focus on the asymptotic behavior of sequences of deformations 
{u^} C IF^’^(r2^;R^) satisfying the uniform energy estimate 

£^{u^):= / ^ VhU^(x'^dx<Ch(^ for every> 0. (2.1) 

in le(a) e'^yh) J 

We remark that in the case in which W is independent of y and z, such scalings of 
the energy lead to Kirchhoff’s nonlinear plate theory, which was rigorously justified 
by means of F—convergence tecniques in the seminal paper |8]. 
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3. Compactness results and multiscale convergence 


In this section we present a few preliminary results which will allow us to deduce 
compactness for sequences of deformations satisfying the uniform energy estimate 

m- 

We first recall [3 Theorem 4.1], which provides a characterization of limits of 
deformations whose scaled gradients are uniformly close in the L^-norm to the set 
of proper rotations. 

Theorem 3 . 1 . Let {u^} C be such that 

limsup-^ f dist^ {W hU^{x), SO (3)) dx < +QO. (3-1) 

h^o Jq 


Then, there exists a map u € such that, up to the extraction of a (not 

relabeled) subsequence. 



u'*- - 

f u^{x) dx ^ u strongly in L^{Ll] 

IQ 




—>■ (V'ujn„) strongly in L^(S7; 


with 

^Xct u{x ) ■ dx 

gu{x') = Sa,j 3 for a.e. x'€ ui, a,/3£{l,2} 

(3.2) 

and 

Unix') 

:= dxju{x') A dx 2 u{x') for a.e. x £ w. 

(3.3) 


A crucial point in the proof of the liminf inequality (11.31) (see Sections |4] and 
0 is to approximate the scaled gradients of deformations with uniformly small 
energies, by sequences of maps which are either piecewise constant on cubes of 
size comparable to the homogenization parameters with values in the set of proper 
rotations, or have Sobolev regularity and are close in the L^-norm to piecewise 
constant rotations. The following lemma has been stated in nzi Lemma 3.3], and 
its proof follows by combining 0 Theorem 6] with the argument in 0 Proof of 
Theorem 4.1, and Section 3]. We remark that the additional regularity of the limit 
deformation u in Theorem 13.11 is a consequence of Lemma 13.21 and in particular of 
the approximation of scaled gradients by maps. 


Lemma 3 . 2 . Let 70 € ( 0 , 1 ] and let h,S > 0 be such that 

h 1 

70 < 7 < —• 

0 7o 

There exists a constant C, depending only on uj and 70 , such that for every u € 
there exists a map R : ui ^ SO{3) piecewise constant on each cube 
X + SY, with X € (5Z^, and there exists R € lT^’^(a ;;such that 

\\VhU - .R||L2(n;M3X3) + 11^ - -f^llL2(^.M3x3) + || V'l?] ] ^2 X 3 xM3 X 3) 

< C'l]dist(V,iU;S'0(3))l]i2(n). 

Moreover, for every ^ satisfying 


l^loo := max{l^ • ei], • 62]} < h, 
and for every ui' C w, with dist(a;', duj) > Ch, there holds 

lli?(a:') - R{x' + 0IIl3(^/;M3x 3) < C'lldist(V/,u; S'0(3))lli2(o). 
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We now recall the definitions of “2-scale convergence” and “3-scale convergence”. 
For a detailed treatment of two-scale convergence we refer to, e.g.^ [21II91EI]. The 
main results on multiscale convergence may be found in [iiiiiiniin]. 

Definition 3.3. Let D be an open set in and let be the unit cube in 

Let u € L‘^{D X Y^) and {u^} £ L^{D). We say that {u^} converges weakly 2-scale 


u 2-s 

^ U if 


to u in L^{D X Y^), and we write u" 


L 


for every ^ G C^{D; Cper(r^)). 


Let u G L^{D X Y^ x Y^) and {u^} G L‘^{D). We say that {u^} converges 

3—s 

weakly 3-scale to u in L^{D x Y^ x Y^), and we write ^ m, if 

L Jo ■ ?lo) ^ L Ir« 

for every ip G C^{D; Cpej;(Y^ x Y^)). 

We say that {u^} converges strongly 3-scale to u in L^(D x Y^ x T^), and we 

h 

write —> u, if 

b 

u —^ u weakly 3-scale 

and 

II'W^IIl2(D) I|w||l2(dxF"xF'^)- 

In order to simplify the statement of Theorem 14.11 and its proof, we introduce 
the definition of “dr-3-scale convergence” (dimension reduction three-scale conver¬ 
gence), i.e., 3-scale convergence adapted to dimension reduction, inspired by S. 
Neukamm’s 2-scale convergence adapted to dimension reduction (see 122 ]). 

Definition 3.4. Let u G L^{fl x Q x Q) and {u^} G L^{Vt). We say that {u^} 

converges weakly dr-3-scale to u in x Q x Q), and we write ^ it, if 



e{h) ’ e‘^{h) 



for every p G Cper(Q x Q)). 


u{x, y, z)p{x, y, z) dz dy dx 


Remark 3.5. We point out that “dr-3-scale convergence” is just a particular case 
of classical 3-scale convergence. Indeed, what sets apart “dr-3-scale convergence” 
from the classical 3-scale convergence is solely the fact that the test functions in 
Definition 13.41 depend on X 3 but oscillate only in the cross-section oj. In particular, 
if {it^} G and 

, dr—3—S 

u —^ u weakly dr 3 scale 


then {it^} is bounded in L^(D). Therefore, by [S] Theorem 1.1] there exists ^ G 
L^(f2 X {Q X (— 5 , 5 )) X {Q X (—i, i))) such that, up to the extraction of a (not 
relabeled) subsequence, 


u 


h 


3 — s 


^ weakly 3-scale , 
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that is weakly 3-scale converge to ^ in L'^{n x (Q x ^)) x (Q x ^))) 
(in the sense of classical 3-scale convergence). Hence, the “dr-3-scale limit” u and 
the “classical 3-scale limit” ^ are related by 
1 1 

u{x,y,z)= ^ ^ z,ri,T) dr] dr for a.e. x G w and j/, z € Q. 

•'“2 

We now state a theorem regarding the characterization of limits of scaled gra¬ 
dients in the multiscale setting adapted to dimension reduction. We omit its proof 
as it is a simple generalization of the arguments in |22l Theorem 6.3.3]. 


Theorem 3.6. Let u,{u^} C be such that 

^ u weakly in 


and 


lim sup 

h—¥0 


Jn 


dx < oo. 


Then u is independent of x^. Moreover, there exist ui € Wp^^(Q)), U 2 S 

X Q',Wp;f.{Q)), and u € Lfiuj x Q x — 5 , 5 )) such that, up to the 

extraction of a (not relabeled) subsequence, 

dr—3 — s 


Vhu'' 


(V'u -I- VyMi -I- yzU 2 dx^u) weakly dr-3-scale. 


Moreover, 

(i) j/ 7 i = 72 = +00 ('i.e. e(h) « h), then dy^u = = 0 , for i = 1 , 2 ; 

(a) j /0 < 7 i < - 1-00 and 72 = -too (i.e. e{h) ^ h), then 

Ul 

u = 

71 

1 

(Hi) 1/71 = 0 and 72 = -l-oo (^i.e. h << e{h) « h 2 ), then 
dx^ui = 0 and ^z^u = 0, i = 1,2. 


In the last part of this section we collect some properties of sequences having 
unbounded Lf norms but whose oscillations on the scale e or are uniformly con¬ 
trolled. Arguing as in m Lemmas 3.6-3. 8 ], we highlight the multi-scale oscillatory 
behavior of our sequences by testing them against products of maps with compact 
support and oscillatory functions with vanishing average in their periodicity cell. 
In the proof of Theorem 14.11 we refer to [T71 Proposition 3.2] and [571 Proposition 
3.2], so for simplicity we introduce the notation needed in those papers. 


Definition 3.7. Let / € Lflw x Q) be such that 


We write 



a.e. in oj. 




osc,Y ^ 

— / 


if ^ 

for every cp e and g G with g{y) dy = 0. 
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Let {/^} C L‘^{oo) and let / £ x Q x Q) be such that 



a.e. in w X Q. 


We write 

, osc.Z z 

t f 

if 

hm £ dx' = m^ />', y. z)Hx', vMz) dz dy dx' 

for every ip £ Cp°{uj; C^AQ)) and (p € C^^.iQ), with ip(z) dz = 0. 


Remark 3.8. As a direct consequence of the definition of multiscale convergence 
and density arguments, if {/^} C L^{oj), then 


if and only if 


Analogously, 
if and only if 


/" —^ / weakly 2-scale 


- osc.Y r 

f^{x) —^ fix) - / fix,y)dy. 
Jo 


3-s 


f —^ / weakly 3-scale 


osc,Z 


/ (a;) —^ / fix,y,z)dz. 


We recall finally m Lemma 3.7 and Lemma 3.8]. 

Lemma 3.9. Let {/^} C L°°{uj) and /° £ L°°{u;) be sueh that 

f^ dL f weakly-* in L°°iuj). 

Assume that are constant on each cube Qieih)z,e{h)), with z £ W?. If £ 
then 


IL 

e(/i) 


osc^Y 


-iyY)f. 


Lemma 3.10. Let {/^} C and p £ L'^iuj^W^^iQ)) he 

such that 

f^ f weakly in W^'‘^{uj), 

and 

fh —^ V'/° + Vy(p weakly 2-scale, 
with Jq cp{x', y) dy = 0 for a.e. x' £ uj. Then, 


e(h) 


OSC.Y 

—^ p. 
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4. Identification of the limit stresses 

Due to the linearized behavior of the nonlinear elastic energy around the set of 
proper rotations, a key point in the proof of the liminf inequality (11.31) is to establish 
a characterization of the weak limit, in the sense of 3-scale-dr convergence, of the 
sequence of linearized elastic stresses 

^ ■= - h -■ 


We introduce the following classes of functions: 

■= G X Q X : 

there exists 4>i G (w; (( — i, i); 

and 02 e L'^ {fix Q; (Q) 


such that U = sym^Vy0i _|_ sym(Vz02|O)| 


(4.1) 


C+oo.+oo := {u G L^{ft xQx . 

there exists d G 0i G (D; WpgJCQ; R^)) 

and 02 G x Q; Wp’^(Q;K^)) 

such that U = sym(Vy0i|(i) -|- sym(V2 


(4.2) 


and 


Co,-loo := \u G L^(D X Q X : 


(4.3) 


there exists £, G L^(D; Wp^’J(Q; R^)), 77 G L^(a;; lDp2’?(Q)), 

gi G L^{fl X y), i = 1,2,3, and 0 G L^{fl x Q; WpeJ(Q; R^)) such that 

/ f7y^ + X3f7lg gi 'i 

U = sym I 92 J + sym(V20|O) ^. 

V gi 92 93 J 

We now state the main result of this section. 


Theorem 4.1. Let 71 G [0,-|-oo] and 72 = -too. Let {u^} C 1T^’^(D;R^) 
he a sequence of deformations satisfying en) and converging to a deformation 
u in the sense of Theorem MLR Then there exist E G L^{fl x Q x Q; 

B G L^(u;;M^^^), and U G Cj-^^+oo, sueh that, up to the extraction of a (not 
relabeled) subsequence, 

, dr—3 — s 

E —^ E weakly dr-S-scale, 


where 


. , / X3n“(x') + symB(a;') 

E{x,y,z) = (^ 0 


U{x,y,z), 


for almost every {x,y, z) € fl x Q x Q, with 

^l,l 3 {x') ■■= -dl pu{x') ■ nu{x')for a, (3 = 1,2, 
and nu{x') := diu{x') A d 2 u{x') for every x' G w. 


(4.4) 
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Proof. Let {u^} be as in the statement of the theorem. By Theorem 13.11 the map 
u S is an isometry, and 

^ (V'M|n„) strongly in L2(f7;M3x3). (4.5) 

For simplicity, we subdivide the proof into three cases, corresponding to the three 
regimes 0 < 71 < + 00 , 71 = +c», and 71 = 0 , and each case will be treated in 
multiple steps. 

Case 1: 0 < 71 < +00 and 72 = + 00 . 

Applying Lemma 13.21 with S{h) = e(/i), we construct two sequences {R^} C 
SO{i)) and {.R^} C hF^’^(a;; such that is piecewise constant on 

every cube of the form Q{e{h)z,e{h)), with z G Z^, and 

— -R^|li2(Q.M[3X3) + \\R^ — -R^llL2(,^.|y[3X3) (4.6) 

+ h IIV i? |Il2(i.i;;M3x 3 <C||dist(V,M^RO(3))||i3(o). 

By dSH) and (gH), there holds 

VhU^ - R^ ^0 strongly in 


R^-R^^O strongly in 

and {R^} is bounded in hF^’^(a;; Therefore, by ()4.5I) and the uniform bound¬ 
edness of the sequence {i?^} in L°“(a;; and in particular in L^(w;M^^^), 


R^ ^ R strongly in L^(w; 
and 


R 


h > * 


R weakly* in L°°(w;M^^-^) 


(4.7) 

(4.8) 


R^ ^ R weakly in 

where 

R := {Vu\nu). (4.9) 

In order to identify the multiscale limit of the linearized stresses, we argue as in 
[HI Proof of Proposition 3.2], and we introduce the scaled linearized strains 

{R^yVhu'^ - Id 


:= 


(4.10) 


By dSU and (14.6p the sequence {G’^} is uniformly bounded in L^(n; By 

standard properties of 3-scale convergence (see (Sj Theorem 2.4]) there exists G G 
L^(flxQxQ; M^^^) such that, up to the extraction of a (not relabeled) subsequence. 


G^ —^ G weakly 3-scale. 


(4.11) 


By the identity 

(Id + hF)'^{Id + hF) = Id + hsym.F + 0{h^), 

and observing that 

. - Id ^{Id + hG^Yild + hG>^) - Id 

hj = -=- 

h h 


there holds 


E = symG. 


(4.12) 
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By (I4.11|) . it follows that 




[ G( 

Jo 


X, y, z) dz weakly 2-scale. 


Therefore, by [T71 Proposition 3.2] there exist B € and </>! G 

_ 1 , 1 ); VPpl. 2 (g;R 3 )^^ that 

syrn. J^G(x,y,C)d( (4.13) 


7l 

for a.e. x G V, and y GY. Thus, by (14.1211 and ()4.13p to complete the proof we only 
need to prove that 

symG(a;,y,z) - sym / G(a;, y, = sym (V 2 (() 2 (a;, y, z)|0) (4.14) 

Jq 


IQ 

for some 4>2 G x Q; Wp^^(Q; 


Set 


u^{x') := J ^ u^{x'jXs) dxs for a.e. x' G oj 


and define G lP^’^(n;]R^) as 

u^{x) =\ u^{x') + hx^R^{x')e 3 + hr^{x',x^) for a.e. x G fl. 
We remark that 

1 

'2 


J ^ r^{x',X3)dx3 = 0 , 


(4.15) 

(4.16) 

(4.17) 


and 


Vhu^-R^ (V'u^-{R^y 


+ x^VR^e^ 


{!& - R^) 


e 3 )+V,,r\ (4.18) 


We hrst notice that by (13.11) . (14.6|) . (14.81) . and (I4.17|l . the sequence {r^} 
is uniformly bounded in 1T^’^(0; K^). Hence, by Theorem 13.61 (ii) there exist 
r G W1'2 (w;K3), <^1 G M/72(( _ i ^ i). pf/L2(g. ^3))) ^nd <^2 G X Q; 

^per(Q)®^)) such that, up to the extraction of a (not relabeled) subsequence. 




dr—3—s 


(v' 


r -1- Vy^i 4- V202 


dx3^1 


71 


weakly dr-3-scale. 


(4.19) 


By (13.11) and (14.61) . and since R^ does not depend on X 3 , { ^ } is bounded 

in T^(a;;Therefore by [5J Theorem 2.4] there exists H g L‘^(ujxQxQ-,'M?^^) 
such that, up to the extraction of a (not relabeled) subsequence, 

— (rI^)' 3-s 

- - -^ V weakly 3-scale. (4.20) 

h 

Case 1, Step 1: Characterization of V. 

In view of (I4.14p . we provide a characterization of 


H(x',y,z)- [ V{x',y,f)df. 
Jq 
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We claim that there exists v G L^(w x Q; Wp^J((3;R^)) such that 

V{x',y,z)- V{x',y,^)d^ = \7zv{x',y,z) for a.e. x'G w, and y,z G Q. 

JQ 

(4.21) 

Arguing as in [171 Proof of Proposition 3.2], we first notice that by |3l Lemma 3.7] 
to prove (14.211) it is enough to show that 

for every G C'pgr(Q;]R^) and ip G {iO]C!^^{Q)). Fix ip G Cpg^{Q;M.^) and 
Ip G Cp!^{u!;C^^{Q)). We set 

p^{x') ■.= e^{h)p(-^j—^ for every x'G w. 


e^{h)^ 


Then, 

V'm^(x') 


-j 


(4.23) 


h 

V'm^(x') ^ , j_ 


h 

V'm^(x') 


: (V')^ 


e(/i) 


45-(X)® ((V')i«-(x',j^) + j^(V')t*(x'.j^) 


e{h). 


dx'. 


The first term in the right-hand side of (14.231) is equal to zero, due to the definition 
of (V')-*-. Therefore we obtain 

V'u>^{x’) ^ , _L / x' 


f V ■u'*(x ) ,^,.± 7 a; A / , x n , 


h 

.£!M 

h 

e{h) 


(4.24) 


£ V'ii'-(x') : [^(j^) ® (V')i«-(x'. j^) 


By (14.61) . the regularity of the test functions, and since 72 = -boo, we get 

" V'#(X) : [,f( * ) ®(V')^*(,:',-^)_ 


dx' —>■ 0 , 


while by (14.5|) , (14.91) , and the regularity of the test functions 


{h)Ji 


dx' 


(4.25) 


(4.26) 


1 


R'{x') : {p{z) (g) {V')yip{x',y)) dz dy dx' = 0, 


n yx I : y^pyzj i*) 1, 

7l Juj Jq Jq 

where the latter equality is due to the periodicity of ip with respect to the y variable. 
Combining (I4.23|) . (14.241) . (14.251) and (14.261) . we conclude that 

V'u^(x') . . 


lim 

h^O 




e{h). 


(4.27) 
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In view of (I4.20|l . and since 

f f f if ,y)dzdydx'=Q 


luj J Q J Q ^ J Q 

by the periodicity of ip, (14.221) will be established once we show that 
{R^)'{x') —,,j_ ( x' \ / , x' \ , 


lim / 


h ''' ' ^\e^{h)J \ ' e{h)y 

In order to prove (14.281) . we adapt [T71 Lemma 3.8] to our framework. 


(4.28) 


Since i/; G C^{uj; C^^{Q)) and /i —>■ 0, we can assume, without loss of generality, 
that for h small enough 

dist(supp ilj]duj X Q) > {l + —) h. 

V 71 / 

We define 

Z'^ := |z G Z^ : Q{e{h)z,e{h)) x Qd suppi/; 7 ^ 0|, 

and 

Qe ■■= U Qie{h)z,e{h)). 

Since 0 < 71 < + 00 , for h small enough we have V2e{h) < ^, so that 
dist(( 5 e; 9a;) > + —I h — V2e{h) > fl + —) h. 

V 7i / V 7i / 

We subdivide 

Q ,2 := {Q(c2(/i)A,e2(/i)) : A G Z^ and Q{e'^{h)X,e^{h)) d Q, ^ 0 } 
into two subsets: 

(a) “good cubes of size e‘^{hy\ i.e., those which are entirely contained in a cube 
of size e{h) belonging to Qe, and where (i?^)' is hence constant, 

(b) “bad cubes of size £:^(/i)”, i.e., those intersecting more than one element of 

Qe- 

We observe that, as 72 = + 00 , 

dist(Qe 2 ; 5 w) > dist(Qe; 9a;) — '/2e^{h) > h (4.29) 

for h small enough, and 

#Z. < (4,30) 

Moreover, if 2 : G Z*^, A G Z^, and 

e^{h)\ G Q{e{h)z,£{h) — e^(/i)), 

then Q{£^{h)X,e‘^{h)) is a “good cube”, therefore the boundary layer of 
Q{e{h)z,£{h)), that could possibly intersect “bad cubes” has measure given by 

|Q(£(/i) 2 ,e(ft.))| —|Q(e(/i) 2 ,e(/i) —e^(ft.))| = e{h)'^ — {e{h) — = 2e{h)^— e{h)^. 

By (|4.30|1 we conclude that the sum of all areas of “bad cubes” intersecting Qe is 
bounded from above by 

C^^{2e^{h)-e\h))<Ce{h). 


(4.31) 















16 


L. BUFFORD, E. DAVOLI, AND I. FONSECA 


We define the sets 

Ifg := {a e e Z^ s.t. Q{e^{h)\e^{h)) c Q{e{h)z,e 


and 


Zl := {a € Z^ : Q{e{hfX,e^{h)) n 7 ^ 0 and A ^ Z^} 

(where ‘g’ and ‘b’ stand for “good” and “bad”, respectively). We rewrite (I4.28[) as 
{R^)'{x') I ( x' \ / , x' \ , 


/ 


= E 


AgZE JQ{s^{h)\,e^ih)) 


{R’^Yjx') 

h 




+ E 


{R’^Yix') 


^^^eJQie^{h)X,e^{h)) ^ 




Since the maps {(i?^)'} are piecewise constant on “good cubes”, by the period¬ 
icity of (f we have 


= E 


\ ’ e{h)y 

{R^Yjx') 

h 


(4.32) 


AgZ| ''Q{s^{h)X,e^{h)) 

^ (♦(»^'.^) -’^(^“('■)a,e('.)a)) dz 


e{h)y 

{R^Yjx') 

h 


JQis^{h)\,s^(h)) 


+ E 


e{h). 

{R^Yix') 


Agzg ^ 

We claim that 

{R^Y{x') 




lim > 
h^Q I ^ 




e^h) 

: {V')-^(p(^-^^'jY{£'^{h)X,e{h)X^ dx' 


Indeed, by the periodicity of ip, 


= 0 . 
(4.33) 


f (V')'‘'(^('-^—) dx'= 0 for every A G Z^ 


and we have 


E 


{R'^Yix') 


AgZ' JQ(e^{h)\,e‘^{h)) 




= |E 


{R'^Yix') - (i?'')'(c2(/i)A) 


Agz| •' 
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<e‘^{h) 

Therefore, by Holder’s inequality, 


E / 

^eJQ{eHh)X,eHh)) h 


: {VY^{^)^{e\h)X,e{h)x) dx'\ (4.34) 


< 


cr 

h Ju 


U>ezEQ(e^(^)>‘,£^(/t)) 


\{R'^y{x')-{R^y{e^{h)X)\dx' 


UA«f Q{e^{h)X,e^{h)) ^WiR^yix') - {R^y{e\h)X)U2^u,,. Q^eHh)x,eHh))). 


C 

< — 
h 

Every cube Q{e^{h)X,e^{h)) in the previous sum intersects at most four elements 
of Qe- For every A G Z|, let Q{e{h)zy,e), i = 1, • • • ,4, be such cubes, where 

#{zy = ,4} <4. 

Without loss of generality, for every A G we can assume that 

e^(/i)A G Q{e{h)z^,e{h)), 

so that 

\{R'^y{x') - {R'^y{e^{h)X)\ = 0 a.e. in Q{e{h)zte{h)). 

Hence, 


E 




AgZ| JQ{e^{h)\,e^{h)) 

= E E / - {R^yis^wxyux'. 

AeZf i=l JQ{e^{h)\,e^{h))nQ{e{h)z^ ,e{h)) 

Since the maps {R^} are piecewise constant on each set 

Q{e^{h)X,e^{h)) n Q{e{h)zy,e{h)), 

there holds 

\{R^y{x') - {R^yie^ih)X)\ = \iR^y{x') - {R’^yix' + Ol 

for some G {±e^(/i)ei, ±e^(/i)e 2 , ±e^(/i)ei ± e^(/i)e 2 }. 

Therefore, by (j4.29|) and Lemmaand since 71 G (0, + 00 ), we have 

E [ \iR>^y{x')-iR>^y{e^{h)X)\^dx' (4.35) 

<C||dist(V,ll^^O(3))|li.(f,). 

Combining (j3.ip . (I4.3ip . (I4.34p . and (I4.35p . we finally get the inequality 

{R^y{x') 


E 


Agz' 


■ ('^')~^‘p(-^^)y’(£^WX,£(h)xJ dx' 


- h 
< C 


Uagz| Q(e^(/i)A,e^(/i)) ||dist(Vhu'‘;S'0(3))||i2(Q) 


Uagz= Qie^{h)X,e^{h)) < Cv^, 
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and this concludes the proof of ()4.33|1 . 
Estimates (I4.32|l and (j4.33|) yield 


h^oj^ h y ' t-y 


X , ■ 


= lim 

h.-i-n ^—< 


e'^{h)J V ’ e{h) 

{R^Yix') 


dx' 


Ae(zfuz|) 


= lim y 

/i->0 ^ 


e'^{h) / V V ’ e{h) 


—'0(e^(/i)A, e(/i)A)^ dx 


{R^)'{x') 


Ae(zfuzs) 


: (V')^^( 


X 


e'^{h) 


dt 


4)e{e^{h)\ + t{x' — e^{h)X)) dt^ dx', 


where (j)e{x') := 'ip(^x' , for every x' G ui. Therefore, by the periodicity of (p 


lim 

h^O 


{R^Yix') 




(iM) 


= lim 
h^O 


E 


s^{h) 


LAe(z=uz|) 

'x' — e^{h)\' ' 
< e'^ih) 


' Q{e'^{h)\,e'^{h)) 


{R^Yi^') ■■ 




V'(j)e{e\h)\ + t{x' -e\h)\)) 


sHh) 


dt] dx' 


Changing coordinates in (I4.36P we get 

{R’^Yix') 




lim / 

^“*■0 Jui 

= E “4^ [ {R'"y{£'^{h)z + e^{h)X) 


(4.37) 


h —^0 ^ ^ h 

XGiZlUZl) 


: {\/')-^p{z)^ J V'4>e{e^{h)X + te‘^{h)z) dt ■ z'j dz 

E ^ / {R^ne^ih)z + e^h)X) 

'rue, ,rue \ JO. 


= lim 
h^O 


AG(Z'UZ|) 


: (V')"*'<p( 2 :)^ J iy'(j)e{e^{h)X +te^[h)z)— V(j)e{£^{h)X)) dt ■ z^ dz 
+ E —+ £‘^{h)X) 

\ ^ /rue, ,ru^ \ JO. 


Ae(Z|uZ|) ■' •'‘3 

tJl 


: (V')y(z)(V'(/)e(e^(/i)A) • z) dz 
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We notice that 


lim 
h —>^0 


E ^ / {R'^ne\h)z + e^{h)X) 

'rve, .rue- \ «/ Q 


AG(Z|UZ|) 


: J (y' (j)e{e'^{h)\ + te^{h)z) — V'(j>e{e^{h)\)) dt^ ■ zdz 


(4.38) 


= 0 . 


Indeed, since ||(V') (^e||L~(c^xQ;M3x3) < we have 

E [ iR^yi£^{h)z + £^{h)X) 

Ae(Z|uZ|) •'*3 


: (V')'*‘(/ 5 (z)^ J (V'(/)e(e^(/i)A + te'^{h)z) — V'c/ig^yX)) dt ■ z'j dz 


< C 


eHh) 


E / \iR^yi£^{h)z + e^{h)X)\\\iV'fy\\L--inxQ)\£'^ih)z\dz 

AG(ZgUZ|) •''5 


< C 


£\h) 


E f \iR’"y{£^{h)z + e^{h)X)\dz 


= c 


£\h) 


AG(ZgUZp'^'5 

E [ 

ag(z'uz|) 




which converges to zero by (j4.7l) and because 72 = + 00 . 
By ()4.38|) . estimate (14.371) simplifies as 


lim 

h^O 


{R^ix') 




(4.39) 


= i™n ^ f iR^yi£^ih)z + £^{h)X) 


h — ^0 ^ ^ h 

AG(ZfUZ|) 


: {Vyip{z)iVM£^ih)X)-z)dz 

£%h) 


= lim 
^->•0 


^ h / - iR'^yi£"ih)x)) 

'Z.flJZ.El ■'Q 


Ae(z|uz|) 

: {^/'^(pyy'yie^yX) ■ z) dz 
£%h) 


+ E 

AG(Z=UZp 

We observe that 


f {Ry{e^{h)X) : (V')^^(^)(V>e(e'(h)A) • z) dz 

jQ 


lim 

h^O 


E ^ + £^{h)\) - (R^yym)) (4.40) 

. i'T7c- \ « C? 


Ae(z|uz|) 


: (V') 7’(-z)(VVe(e (^)A) • z) dz 


= 0. 
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Indeed, since tp € and ||(V')(/'E||L~(t,;xQ) < recalling the def¬ 

inition of the sets and and applying Holder’s inequality, (I3.1L (I4.31|l . and 
(14.351) . we obtain 


E 

Ae(zfuz|) 


e^{h) 


[ iiR^ne^{h)z + e\h)\) - {R^)\e\h)\)) 
JQ 


< C 


: {V')-'-p{z){V'{h)X) ■ z) dz 

eHh) 


^ [ |(i?")'(s2(h)z + e^{h)X) - {R^yie\h)X)\dz 

JQ 


Ce{h) 


Ae(Z|uZ|) •''5 

E 




\{R^y{x')-{R^y{e^{h)X)\dx' 


< 


Ce{h) 


VJx&iQ{e\h)\e^{h)) "||dist(V^u'*;50(3))|U2(n) <Ce(h)2. 


Collecting (14.3911 and ()4.40|1 . we deduce that 

{R^y{x') 


lim 
h — >^0 


/ 




(4.41) 


= lim 
h — ^0 


E “4^/ (R^yi^^WX) : {V')^p{z){y'(j)e{e^{h)X) ■ z)dz 

'W.fi IKS'! •'*3 


LAe(Z|uZ|) 

Since 0 < 71 < -|-oo and 72 = -|-oo, by (HTTl) we have 
e^{h) 


hm ^ ^ / 

JQ JQ{e‘^{h)X,e^[h)) 

= hm ^ / / 

/t-j-o h Jn 


{R^y{x') : {V')^p{z){V'Mx') ■ z) dx’ dz 


: (V')V(^)[(v.v(i',^) + j^)) . 


e{h). 


dz dx' 


= —f [ [ R'ix') : {X/')-^p{z){X/ytp{x',y) ■ z)dzdydx'= 0, 

7l Jui JQ JQ 

by the periodicity of '0 with respect to y. We observe that if A G Z^, then 


I 


Q{e'^ {h)X,e'^ {h)) 


{R^y{x') : {y')^p{z){y'(j)e{x') ■ z)dx' 


{R^yie\h)X) : / {V')^p{z){VMx') ■ z) dx', 

J Q{s^{h)\,e^{h)) 


and we obtain 


lim 

h^O 


E ^ : {V')^p{z){V'Me^{h)X) ■ z) dz 

'Z.S| IKS'! •'Q 


Ae(zfuz|) 
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- 


Q JQ{e'^{h)X,e'^{h)) 


: (V') <f{z)(y'(j)e{x') ■ z)dx' dz 


[R^)'{x') 


= lim 


E "^{R^)'{e\h)X) 


agz= 


: f iV')^ipiz) [fv'4(c2(/i)A) - / V'</.,(x') dx') ■ z 

JQ LV JQ{e^{h)\,e^{h)) ' 

+ E “4^ / ■ (V')-^</5(z)(VVe(e^(/i)A) • z)dz 

\ Cj 


dz 




y- f f 




{R^Yix') : iV')^^{z){VMx) ■ z) dx' dz 

- JQjQ{e^h)\,e^h)) 

By the regularity of (p and ■0, and the boundedness of {R^} in _L°°(w; 

^6 

h 


(4.42) 


Aez= 


(vVe(e^(/i)A) - / V>e(a:') d®') • 

^ jQ{e^{h)X,e^{h)) ^ 


i^')^p[z) 

'Q 

< E f |V'4(e'(/i)A) - V>,(ai')| dx' 


dz 


Agzs ■'Q{s^{h)X,e^{h)) 


< C 


e\h) 


.e\h) 


^ IIV^?^E||L°“((.dxQ;M3x3) < C —-—, 


which converges to zero, because 72 = + 00 . On the other hand, 
=-61 


‘ Q{e'^{h)X,e'^{h)) 


(i?'')'(e^(/i)A) : (V')-‘-v 3 (z)(V'(()e(e^(/i)A) • z)dz 
(i?^)'(x') : (V')^v 3 (z)(V'^e(x') • z) dx' 


= E ^ / (^'^)'(£'WA) 

AGZ| dQ 

:(V')Mz)[(v'</>,(e2(h)A)-/ 

Jc 


(4.43) 


dz 


^'(j)e{x') dx'^ 


Q{e^{h)X,e^{h)) 

{{R^y{e^{h)X)-{R>^y{x')) 


dz 


Agz| ■“ jQ jQ{eHh)\,eHh)) 

: {X/')'^p{z){V'(j)e{x') ■ z) dx' dz. 

Therefore, arguing as in (I4.42p . the first term on the right hand side of (14.431) 
is bounded by C^-^, whereas by (14.311) and the boundedness of {R^} in 
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L°°(a;;M3x3), 


E ^ - {R’^nx')) (4.44) 

AeZ| ^ JQjQieHh)\,e^{h)) 

: {'X/')'^ip{z){V'(j)e{x') ■ z) dx' dz 

< E [ - {R^ne^{h)x)\dx' 

<_cqi, 

which converges to zero as 72 = +oo. 

Combining (I4.41I) - (I4.44I) we conclude that 

By (I4.20p . (14.271) . and (14.451) . we obtain 


V(x', y, 0 di^ : v) dz dy dx' = 0 , 

for all if e and V' e Cp-(Q)). 

This completes the proof of (14.211) . 


/ / / (da.,.)-/ 

.1 n .1 n ^ J 


Case 1, Step 2: Characterization of the limit linearized strain G. 

In order to identify the multiscale limit of the sequence of linearized strains G^, 
by (I4.12p . (14.141) . (I4.18I) - (I4.20I) we now characterize the weak 3-scale limits of the 
sequences {xsV'R^es} and {^{R^es — R^es)}. 

By (14.8|) and [31 Theorem 1.2] there exist S G L^(w; T £ 

L^{uj X Q; lTp^r(0; such that 


V'R^ !_! v'i? -f X/yS -f V^T weakly 3-scale, (4.46) 

where S{x' ,y) dy = 0 for a.e. x' G w, and JqT{x' ,y, z) dz = 0 for a.e. x' G w, 
and y £Y. By p.ip and ()4.6I) . there exists w £ Lf{ui x Q x Q;®^) such that 

1 u 3—s 

— (i? 63 — i? 63 ) —^ w weakly 3-scale 


and hence, 


where 


i(i?^e 3 — R’^^s) ^ wq weakly in L^(a;;R^) 
h 



w{x',y,z)dydz, 


for a.e. x' G w. We claim that 

UR^e^i - R^es) ^ wo[x') + —S{x',y)e^ + 

h 71 7i 


(4.47) 
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weakly 3-scale. We first remark that the same argument as in the proof of (14.2811 
yields 

OSC^Z 
^ 0 . 
h 

Moreover, since 71 G (0,-|-oo), by (14.7L Lemmas 13.91 and fd.101 there holds 


o«c,y ( 2 / • V')i?e3 
h 7i 


and 

R^es o«c,y Ses 
h 71 

where in the latter property we used the fact that Jg VzT{x', y, z) dz = 0 for a.e. 
x' G uj and y G Y hy periodicity, and Jg S(x', y)dy = 0 for a.e. x' G uj. Therefore, 
by Remark [3^ to prove (14.471) we only need to show that 


osc,z ^ 

h 


(4.48) 


To this purpose, fix tp € with Jg (p(z) dz = 0, and ij} G C^^(Q)), 

and let g G C'^(Q) be the unique periodic solution to 


Ag(z) = ip(z) 
Jggiz) dz = 0 . 


Set 


so that 


g’'{x) ■.= £^{h)g(^-^^j^ for every a:'e w. 




By ()4.49p and ()4.50p . and for i G {1, 2,3}, we obtain 




h ^Ve 2 (/i), 

s^h) 


R 


13 


{x')Ag'^{x')'ilj(x', dx'. 


Integrating by parts, we have 




s^h) 




^//f3(-')(2VY7)avw.)(-',^) 

g^{x'){A^>ilj)(x',-^^'^ dx' 


s{h) 


£ RU^') [ 2 Vy (x') • 


(4.49) 

(4.50) 


(4.51) 




































24 


L. BUFFORD, E. DAVOLI, AND 1. FONSECA 


+ 2g^{x'){divy Va;'ip) (x', 


e{h) 


dx' 


he{h) 

Since V[g ^G 

e^h) 


j R%{x')g''{x')Ayxli{x',^^dx'. 


^ ■ V'(/(x')V'(x', ^)) dx' = 0, (4.52) 


where we used the fact that 72 = + 00 , and similarly, 

. 2 / 


e^{h) 

lim —;— 
h —>^0 h 




{x') (2VV(x')-(V^/'i/') [x', +/(a;')(A^-V') (x', ) dx' 


e(h), 


Regarding the third term in the right-hand side of (I4.5ip . we write 
e{h) 


J Ra{x') 2Vy(x') • VyV'(a::',^) +2/(x')(divy 


(4.53) 

dx' 

(4.54) 


By the regularity of g and ip, 


/ \ ^“f 

e{h) 


\ / \ ^_g 

■ ^yp^yx', —t Vg{z)Vyipyx', y) strongly 3-scale. 


Therefore, by (14.8p . and since 0 < 71 < -l-oo and 72 = -l-oo, we obtain 
'e{h) 


lim 


■ £ R%{x') [2Vg^{x') ■ ^yi^(x', (4.55) 


-f2/(x')(divy 


dx 


= 2l f f f R^^{x')yg{z)-yy'ip{x',y)dzdydx' = Q, 

7l Jui JQ JQ 

where the last equality is due to the periodicity of ip in the y variable. 
Again by the regularity of g and ip, 

—>■ g{z)Ayip{x', y) strongly 3-scale, 


hence, by (14.811 . and since 0 < 71 < -l-oo and ip G Cp°{uj-, C^j.{Q)), the fourth term 
in the right-hand side of (I4.51|) satisfies 

A" I (x', j^)) dx' (4.56) 

1 


Ri 3 {x')g{z)Ayip{x',y) dzdydx' = 0. 

7i Juj Jq Jq 

Claim (I4.48|l . and thus (I4.47p . follow now by combining (14.5111 with (I4.52p - (l4.56p . 
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Case 1, Step 3: Characterization of E. 

By (j4.7L and by collecting (I4.18|) . ()4.19|1 . (j4.20|l . (I4.46|) . and (14.471) . we deduce the 
characterization 

R{x')G{x,y,z) = ^W'r{x') + Vy^i{x,y) + W^$ 2 {x,y,z) ■^da; 3 ^i{x,y)^ 

+ (v(x',y,z) wo(x') + —S(x',y)e 3 + 

V 71 11 J 

+ X 3 {y'R{x')e 3 + \7yS{x', y)e 3 + \7zT{x', y, z)e3|0^ 

for a.e. x G C, and y,z G Q, where r G bK^’^(a;; M^), G L^(a;; i, i); 

VFpi’?(Q;R3))), wo G L^{uj-R^), S G V G L^{w x Q x 

Q-M^^^)A 2 G L2(OxQ;M^b?(Q;R3))^andTe L2(^xQ;W'pi'?(Q;M3x3)). There¬ 
fore, by (I4.21|) 

symG(a;,y, z) - / syniG(x, y, .^) 

JQ 

R{x')'^(v{x',y,z) - J V{x',y,z) + V^^2{x,y,z) o) 


= sym 


-I- X 3 R{x')'^ {VzT{x', y, z)e 3 

R{x')'^ {vzv{x', y, z) -I- Vz 4 > 2 {x, y, z) + X 3 VzT{x , y, z)e 3 0^ 


= sym 


where Te 3 ,v G L‘^{uj x Q; Wpe^(Q; R^))- The thesis follows now by (14.121) . (I4.13L 
and by setting 

(j>2 ■= R^ [v + (j)2+ X3Te3). 
for a.e. x G fl, and y,z G Q. 


Case 2: 71 = -foo and 72 = -boo. 

The proof is very similar to the first case where 0 < 71 < -boo. We only outline the 
main modifications. 

Arguing as in m Proof of Proposition 3.2], in order to construct the sequence 
we apply Lemma with 


6 {h) := (2 


■ h ■ 
e{h) 



This way. 


1 ™ TTTT 
h — >^0 ^\^hj 


1 

2 ’ 


and the maps R'^ are piecewise constant on cubes of the form Q{ 6 {h)z, 6 {h)), with 
z € In particular, since is a sequence of odd integers, by Lemma 

17.11 the maps R^ are piecewise constant on cubes of the form Q{s{h)z,e{h)) with 
z S Z^, and (14.611 holds true. Defining {r^} as in (I4.16|) . we obtain equality (I4.18|) . 
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By Theorem l3.6r iV there exist r G R^), G (j )2 G 

L^{n X Q;W'pi’?(Q;IR3))^ and G (( _ i, i); 


dr—3—s 


Vh.r'^ —^ (VV + Vy(^i + V 2 (/) 2 | 5 x 3 </>) weakly dr-3-scale. 


(4.57) 


Moreover, (14.131) now becomes 
sym / G{x,y,C}d^ 

JQ 

( a; 3 n“(a;') + symil(a;') 0 \ ^ ^ 

= ( ^ Q ^ Q )+sym[Vy(l)i{x,y) 


for a.e. x G fl and y €Y, where B G L^(a;;M^^^). Arguing as in Step 1-Step 3 of 
Case 1, we obtain the characterization 


E{x,y,z) = 


X 3 n“(x') + symB(x') 0 


0 


0 


+ sym(Vy((ii(x,?/)|d(x)) +sym(V 202 (a;,y,^)|O), 


with d ■= 8x^4’ £ ^1 G lTp^J((5; R^)), and (j )2 £ L'^ip. x Q] 

Wpi'?(Q;R3)). 


Case 3: 71 = 0 and 72 = + 00 . 

The structure of the proof is similar to that of Cases 1 and 2, therefore we only 
outline the main steps and key points, leaving the details to the reader. 

We first apply Lemma 13.21 with 


5{h) := (2 


r h 1 

W) 


and by Lemma [7.II we construct 



{i?'*} C L°°(w;S'0(3)) and C 


satisfying (ITO . and with piecewise constant on every cube of the form 

Q{e^{h)z,e^{h)), with 2 : G Z^. 


Arguing as in Case 1, we obtain the convergence properties in (14.71) and (14.81) . 
and the identification of E reduces to establishing a characterization of the weak 
3-scale limit G of the sequence {G^} defined in (|4.10|) . In view of [27l Proposition 
3.2], there exist B G ^ G 7 G L^Lu;W^iiQ-R^)), 

and Qi G L^(0 x Y), i = 1,2, 3, such that 


/ E{x,y,z)dz = sym / G{x,y,z)dz 
JQ JQ 


( 


X 3 n“(x')-I-symi?(x') 0 


0 


0 


/ symVy^(x,?/)-f X 3 V 277 (x',?/) gi{x,y) 
+ ( 92{x,y) 

V gi{x,y) 92{x,y) 93ix,y) 


(4.58) 


for a.e. x G fl and y Q Y. We consider the maps {P} and {r^} defined in (14.151) 
and ()4.16p . and we perform the decomposition in (14.181) . By Theorem l3.6l fiiil there 
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exist maps r e R^), S L^(a;; <^2 S L^(r2x(5; W^p^?(Q; 

and ^ £ L‘^(^u} X Q; — i, such that 

V/tT^ —^ (VV + Vyi^i + V^(^2|9x3(/)) weakly dr-3-scale. 
Defining V as in (14.201) . we first need to show that 

V{x',y,z)- / V{x',y,z)dz = \'^v{x',y,z) 

Jq 


(4.59) 


for a.e. x' £ w, and y,z £ Q, for some v £ L‘^{uj x Q; W^^{Q] \ 

As in Case l-Step 1, by [S] Lemma 3.7] and by a density argument, to prove 
(14.591) it is enough to show that 


m (y (x', y,z)- f V (x', y, z) dz) : {V)-^(p{z)(j){y)ip{x') dz dy dx' = 0 

) J Q 

(4.60) 

for every ip £ (j) £ C^^{Q) and ip £ CPP°{lu). 

Fix p £ ^ £ C'“,.((5), Ip £ Cp°{uj), and set 


p^{x') := 




Integrating by parts and applying Riemaim-Lebesgue lemma (see 


lim / 


: (V')^^^(x')iA(x') 

V (x', y, z) : y-^p{z)(p{y)ip{x') dz dy dx'. 


we deduce 
(4.61) 


IUJ J Q J Q 

In view of (14.611) . (I4.60p reduces to showing that 

{R^Yix') 


lim 

/t->0 


/ 


h 


: (V^) {x')'iIj{x') dx' = 0. 


(4.62) 


The key idea to prove (14.621) is to work on cubes Q{£‘^{h)z,e‘^{h)), with z £ 
Exploiting the periodicity of p and the fact that {i?^} is piecewise constant on such 
cubes, we add and subtract the values of (p and ip in e^{h)z, and use the smoothness 
of the maps to control their oscillations on each cube Q{£^{h)z^e^{h))^ for z £ 1?. 
Defining 

Z® := {z S Z^ : Q{£^{h)z,£^{h)) D supp^ ^ 0}, 
a crucial point is to prove the equivalent of (14.411) . that is to show that 

sHh) 

lQ{e^ih)\,e^{h)) Jq 


lim 
h —^0 h 




(4.63) 


Aez= 


: (V')'*‘(/?(z) dzdx' = 0. 


.e{h) 

This is achieved by adding and subtracting in (|4.63l) the function i.e.. 




Q{e^{h)X,e^(h)) JQ 


f {R!')'{x') : {V')^p{z) •-z ip{x')dzdx' 

Jq 1- \£{h)J J 
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eHh) 


^Li 




Q JQ{e^{h)X,e^(h)) 

/ 


R’^Yix') - {R^nx')) 


: {V')-^ip{z) - 2 : 'tp{x')'^dzdx' 


eHh) 


^ / [ {R^)'{x') : {V')-^(p{z)\v'(j)(^^) ■ z]Y{x')dzdx'. 

By (|3.1L (14.61) and by the regularity of the test functions </>, (/?, and V', we have 

eHh) 


Y.'f f {((^W)-(i?")'(^')) 

: Y^')^if{z) W(^) Y{x')dz'^dx' 


< Ce{h) 


f 

£{h) 

{R^y - [i&y 


(4.64) 


L2(tj;M3X2) 


< Ce{h). 


Finally, by (14.81) and [3J Theorem 1.2], there exist S S L^(a;; bFp^^((5; M^^^)), and 
T e L^{uj X Q;lFpi'2(g;M3x3)) such that 

VR^ v'i? + VyS + V^T weakly 3-scale, (4.65) 

where Jq S{x' ,y) dy = 0 for a.e. x' € w, and JqT{x' ,y, z) dz = 0 for a.e. x' € ui 
and y € Q. By Lemma 13.101 

osc,Y 


£{h) 


and hence 

, {F&y{x')„,j x' 


™ f ^ ih\ Y^(^--)y{x')dx' = [ [ S'{xyy)V'(j){y)'ijj{x')dx'dy. (4.66) 
£{h) \e{h}/ J^Jn 


h^oj^ £(h) 

Since 72 = + 00 , (14.661) yields 
e\h) 


lim 
h^o h 


E / [ 

^ jQ{e'^{h)X,e^{h)) Jq ^ 




: V'0(4b) -z i!{x'}^dzdx' 


h^O h 


f uj JQ 


£{h)z 

{R^yjx') 

£{h) 


: {V')'^(p{z) iIj{x')'^ dz dx 


= —[ [ S'{x',y) : {V')-^(p{z)[V'cl){y) ■ z]ilj{x')dzdx'= 0 
72 Jn Jq 

which, together with (I4.64L implies (14.631) . 

Once the proof of (14.591) is completed, to identify E we need to characterize the 
weak 3-scale limit of the scaled linearized strains (see (14.101) . (14.111) and (14.121) 1. 
By (|4.18|) this reduces to study the weak 3-scale limit of the sequence 

■R'^es-I&es- 


- it" 63 j 
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By dsn and (14.6|) . there exists w £ L^^oj x Q x such that 

---^ w{x', y, z) weakly 3-scale. 


We claim that 

w{x',y,z)— / w{x',y, z) dz = 0 (4-67) 

JQ 

for a.e. x' G w, and y,z G Q. To prove (I4.67p . by Remark [3^ we have to show 
that 

R’^es — osc,z ^ 

h 

A direct application of the argument in the proof of (14.621) yields 

OSC,Z 

therefore (I4.67p is equivalent to proving that 


h 

which follows arguing similarly to Case 1-Step 2, proof of (14.481) . 

Finally, with an argument similar to that of Case 1, Step 3, and combining (14.591) 
with (14.651) . and (14.671) . we obtain 


R{x')G{x,y, z) — I R{x')G{x,y, z) dz 
JQ 

= (V^vix', y, z) + Vz(f) 2 {x, y, z) + xsVzT^x', y, 2 :)e 3 | 0 ) 


for a.e. x € fl, and y,z G Q, where v,Te 3 G x Q; VFp^j((3; R^)), and ^2 G 
L2(F!xQ;Wb?(Q;R3)). 

By 6ia, 


E{x,y,z) 


E{x,y,z)dz 


sym(y^(j){x,y,z)\0) 


for a.e. x € fl, and y,z G Q, where cj) := R^[v + (j) 2 -\- xaTea). In view of (j4.58[) we 
conclude that 


E(x,s.«)= ") 


/ symVy^(x,y)-bX3V2?7(x',y) 5 i(x,y) 

+ ( 92{x,y) 

V 9iix^y) g2{x,y) 93{x,y) 


-bsym(V^(/)(x,?/,z)|0) 


for a.e. x G 14, and y,z G Q, where B G ^ G L^(n; IFp^J((5;R^)), 

77 G Qi G xY),i= 1,2,3,, and (j) G L‘^{n x Q; IFp^’ 2 (Q. 

The thesis follows now by (14.31) . □ 
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5. The F-liminf inequality 

With the identification of the limit linearized stress obtained in Section HI we 
now find a lower bound for the effective limit energy associated to sequences of de¬ 
formations with uniformly small three-dimensional elastic energies, satisfying m- 


Theorem 5.1. Let 71 € [0,-boo] and let 72 = -boo. Let {u^} C 
be a sequence of deformations satisfying the uniform energy estimate eo and 
converging to u G as in Theorem \S.l\ Then, 


h —>^0 h 




where 11 “ is the map defined in dm), and 


(a) if = 0, for every A G 


fl2x2 

■^sym 


4!o„.(^) :-inf 


x^A + B 0 

0 0 


-b sym 


syTaVyf{x3,y)+X3Vlr]{y) gi{x3,y) 


52 ( 2 : 3 , y) 

51(2:3,5) 52(2:3,5) 53(2:3,5) 

e G r, G W^iiQ), 


5*GL2((-i,i) xQ),* = 1,2,3, SG 


]t2x2 

^sym 


(b) j/ 0 < 7 i < -boo, for every A G 

^hL(^):=inf| // 1 IS, ^hom(5, ( 


X 3 A + B 0 

0 0 


sym Wycj)i{x 3 ,y) 


^X3 ^1(2:3,5) 


71 

<^1 G ((_i, i); Wpie?(g;M")), B G 
(c) if = -boo, for every A G 


^2x2 

■“■sym 


=rOO 

5? 

-'horn 


(A) 


X 3 A + B 0 


+ sym(Vy^i(a;3,?/)|d(a;3)) : d G L^((-i, i);M^) 


<^1 G L2((-i, i); Wi’?(g;]R3)), and B G 


(5.1) 


(5.2) 


(5.3) 


where 


^hom( 5 ,C') :=inf{y i2(y,2,C + sym(V(A2(2)|0)) : 02 GWpi’?(g;R 3 )| (5.4) 
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for a.e. y € Q, and for every C G 

Proof. The proof is an adaptation of m Proof of Theorem 2.4]. For the convenience 
of the reader, we briefly sketch it in the case 0 < 71 < + 00 . The proof in the cases 
7 i = +00 and 71 = 0 is analogous. 

Without loss of generality, we can assume that u^{x) dx = 0. By assumption 
{H2) and by Theorem 13.11 u G lT^’^(a;;K^) is an isometry, with 

^ u strongly in 


and 

VhU^ {Vu\nu) strongly in 

where the vector is deflned according to (13.21) and (13.31) . By Theorem 14.11 there 
exists E G {D, X Q X Q; such that, up to the extraction of a (not relabeled) 

subsequence, 


._ \/{yhu’^yvhU^ - Id dr-3-s 


E weakly dr-3-scale. 


with 


, . / symB(ai')+a; 3 n“(a;') 0 \ 

E{x,y,z) = 0 J 


(5.5) 


+ sym (Vy<fi{x,y) 


dx3(t}iix,y) 


71 


) +sym y/,(j) 2 {x,y,z)\ 0 ), 


for a.e. x' G uj, and y,z G Q, where B G L^(a;;M^^^), (j)i G L^(w; bF^’^((—^, ^); 

and (()2 G T2(t^xQ;Wpi’?(Q;R3)). Arguing as in [HI Proof of Theorem 
6.1 (i)], by performing a Taylor expansion around the identity, and by Lemma 17.41 
we deduce that 


lim inf 
h —>^0 


£^{uy 


> lim inf 
h —>^0 



e{h) ’ e‘^{h) ’ 



dx 


> ^{y,z,E{x,y,z))dzdydx. 

J J J 


By (15.21) . (15.4|) . and (15.51) . we finally conclude that 


lim inf 
Ii-s-O 


syy) 

/l2 


> 


( symB(x')+X 3 n“(x') 0 ^ 

dx^yy^y)' 


> 


iQJQ 

+ sym (yy(j)i{x,y) 

[ ^hom( 

In 


7 i 


dy dx 


^hom {x3U^{x'))dx= f xl'^l^ (n“ {x))dx 
Jn 

h [ ^y^(jiyx'))dx'. 

J UJ 


□ 
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6. The F-limsup inequality: construction of the recovery sequence 

Let TT^’^(a;;R^) be the set of all u G satifying (13.211 . Let A(u^) be 

the set of all u G n C°°(a;;R^) such that, for all B G C°°(uj;M^y^) 

with i? = 0 in a neighborhood of 

{x'Gcj: n"(x') = 0 } 

(where 11“ is the map defined in (14.41) 1. there exist a G C°°{uj) and g G 
such that 

B = sym V'g + all”. (6-1) 

Remark 6.1. Note that for u G R^) flC°“(w; R^), condition (16.111 (see m 

Lemmas 4.3 and 4.4]), is equivalent to writing 

R = sym((V'u)^W) (6.2) 

for some V G C'°“(w;R^) (see [27l Lemmas 4.3 and 4.4]). 

Indeed, (16.2p follows from (16.ip setting 

V := (V'u)g + auu, 

and in view of the cancellations due to dSH). Conversely, dsm is obtained from 
(16.21) defining g := (V'u)'^V and a := V ■ n^- 

A key tool in the proof of the limsup inequality (11.41) is the following lemma, 
which has been proved in [TT] Lemma 4.3] (see also [14], [15], [16], [25], and [26]1. 
Again, the arguments in the previous sections of this paper continue to hold if w 
is a bounded Lipschitz domain. The piecewise C^-regularity of duj is necessary for 
the proof of the limsup inequality (11.411 (although it can be slightly relaxed as in 
m), since it is required in order to obtain the following density result. 

Lemma 6.2. The set A { io ) is dense in IT^’^(u;;R^) in the strong topology. 

Before we prove the limsup inequality (11.41) , we state a lemma and a corollary that 
guarantee the continuity of the relaxations (defined in (I5.2p - (l5.4p 'l of the quadratic 
map ^ introduced in (H4). The proof of Lemma l67^ is a combination of [13 Proof 
of Lemma 4.2], [24] Proof of Lemma 2.10] and [23 Lemma 4.2]. Corollary 16.41 is a 
direct consequence of Lemma 16.31 


Lemma 6.3. Let ^hom <^hom be the maps defined in (I5.1I) - (I5.4I) . and let 72 = 
+ 00 . 

(i) Let 0 < 7 i < + 00 . Then for every A G there exists a unique pair 

(R,^l) ^ 


with 


such that 



4'i{x3,y)dydx3 = 0 , 


'^hom(^) ~ j( 1 1\ <^honi(fy, ( 


x^A. + B 
0 


;.2)xQ 

, fv7 A t \ 9x:i(pl{x3,y) 
+ sym \Vy<pi[x 3 ,y) 


7 i 
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The induced mapping 
A € i-A {B{A),(j)i{A)) € 
is bounded and linear. 




(a) Let 7 i = + 00 . Then for every A e there exists a unique triple 

{B,d,cf,) e X L2((-i,i);R3) X L 2 ((_ 1 , l).^L2(g.K3)) 

with 

(t>i{x3,y)dydx3 = 0 , 


( 2 ’ 2 )xQ 


such that 

= 


2 ’ 2 


|xQ 


^hom [ y 


X 3 A + B 0 

0 0 


sym{Vycl)i{x3,y)\d{x3)) 


\ 


The induced mapping A € 1 —>■ {B{A),d{A),(j)i{A)) G x 

i^((—i); R^) X L^((—i, i); is bounded and linear. 

(Hi) Let 71 = 0. Then for every A G Mg^^^ there exists a unique 6-tuple 

(■ 8 ,^, 77 , 51 , 32 , 53 ) 

with B G e e ^ e Wp2.?(Q), 5 , e 

L^ (( — ^, ^); xQ), i = 1,2,3, such that 

^ho„.(^) ,)x^^hon. ( 5 , ( 0 ) 

/ sym\/y^{x3,y)-\-X3Vlp{y) gi{x3,y) 

+sym 52 ( 373 , 5 ) 

\ 51(373,5) 52(373,5) 53(373,5) 

The induced mapping 

A 1-4 (B(A),^(A),p(A),gi(A),g 2 (A),g 3 (A)) 
from to x L^{{-\, 1);®^) x Wl^,{Q) x L^{{-\, \) x Q\ 


IS 


For a.e. y G Q and for every C G Mg^J) there exists a unique ((2 G 


bounded and linear. 

For a.e. y G Q 
VFpgj((5; R^), with Jg (j) 2 (z) dz = 0, such that 

^hom(5,C')= [ {y,z,C+ syTn{V(l)2iz)\0)) . 
Jo 


The induced mapping 
C G 


«r3x3 

^sym 


^<). 2 (C) eM^pi’f(Q;R3) 


is bounded and linear. Furthermore, the induced operator 
P : L^ ((-i, i) X Q;M3 x3) ^ L^ ((-i, i) x Q; M^pi’?(Q;R^)) 


34 


L. BUFFORD, E. DAVOLI, AND I. FONSECA 


defined as 

P{C) := f 2 {C) for every C £ ((-i, i) x Q; 

is bounded and linear. 

Corollary 6.4. Let 71 G [0, + 00 ]. The map ^hom continuous, and there exist 
Cl( 71 ) G ( 0 ,+oo) such that 

1 


-|J^r <Xom(^^)<Cl|F|^ 
Cl 


(l2x2 


for every F G ■ 

(i) If 0 < < + 00 , then for every A G there exists a unique 

triple (B,</>i,</> 2 ) e x ((-i, i) ; M^pi’?(Q;R 3 ))) x 

Lf{Tl X Q; R^)) such that 

^ J '^ouMW)) dx'= dx 

■^hom ( V-) 


I ■ 

JQxQ 


x^A^x') + B{x') 0 

0 0 


sym ( Vy(^i{a;,y) """ 

^ (y,z 


dx:,(fi{.x,y) 


7i 


dy dx 


[ ^(y,z,( 

JflxQxQ \ \ 

+ sym ( Vy(j3i{x,y) 


X 3 A{x') + B{x') 0 

0 0 


dx3^iix,y) 


7i 


sym {Vz(p 2 {x,y, z)\0)'^ dzdydi 


(ii) //71 = +c», then for every A G there exists a unique f-tuple 


(S,d,(/)i,(/) 2 ) G X X L2(r!;l^pi>?(g;R3)) X L^{n x 

Q; iyp^J(g;R3)) gy^^h that 


1 

12 


[ ^ZnAA{x'))dx'= [ ^Zom{^3A{x'))dx' 
J to J Q 

— I -^hom ( y? ( 

JcixQ \ \ 

= [ ^(y,z,( 

JflxQxQ \ \ 

+ syin {Vz 4 > 2 ix,y,z)\ 0 ))'^ dzdydx. 


X 3 A{x') + B{x') 0 

0 0 

X 3 A{x') + B{x') 0 


-sym {Vy(l)i{x,y)\d{x)) ) dydx 
-hsym {Vy(j)i{x,y)\d{x) 


(Hi) //71 = 0, then for every A G there exists a unique 7-tuple 


sym 

91,92,93,(0 G 


) X L\Li-wlZAQ-. 


L^in-W^AAQ)) X x Q;R3) X L^AI X 




^homiMx'))dx' = f ^Z^{x3A{x')) dx' 
■jj J Q, 

I -^hom I y: 

JQxQ \ 


X3A{x') F B{x') 0 

0 0 


X 
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sym 


/ 

Jn 


QxQxQ 
sym 


symVy^{x,y)+ X3Vlr]{x',y) giix,y) 

92{x,y) 

9i{x,y) 92{x,y) 93{x,y) 

x^Aiyx') + B[x') 0 

0 0 

syvay y^{x,y) + xzS/lr]{x',y) gi{x,y) 

92(x,y) 

93{x,y) 


y,z, 


9i(x,y) g 2 (x,y) 

sym (Vz 4 > 2 (x,y,z)l 0 ) jdzdydx. 


We now prove that the lower bound obtained in Section [5] is optimal. 

Theorem 6.5. Let 71 G [0,+ 00 ]. Let ^hom <^hom be the maps defined in 
(ICTl) (HD), let u G TT^’^(a;;R^) and let 11 “ be the map introduced in (14.41) . Then 
there exists a sequence {u^} C such that 

limsup ^ ^ ^ / domin’" (x'))dx'. (6.3) 

h^o h^ 12 Juj 

Proof. The proof is an adaptation of [171 Proof of Theorem 2.4] and [23 Proof of 
Theorem 2.4]. We outline the main steps in the cases 0 < 71 < +00 and 71 = 0 for 
the convenience of the reader. The proof in the case 71 = +00 is analogous. 


Case 1: 0 < 71 < +00 and 72 = + 00 . 

By Lemma [6l2l and Corollarv l6.4l it is enough to prove the theorem for u G A^ui). By 
Corollarv IB. 41 there exist B G fi G T^(a;; ^); Wp^J((3; M^)), 

and (j )2 £ L^{Qx Q; R^)) such that 


*/ 


JSZ^iU^x'))dx' 
^ (y,z, 

Q J Q J Q \ 


symB(a;') + a; 3 n“(x') 0 

0 0 


+sym Vyfiix^y) 


dx3^iix,y) 


7 i 


-sym(Vz(() 2 (a;,?/, z)| 0 ) j dzdydx. 


Since B depends linearly on 11“ by Lemma 16.31 in particular there holds 


{x' : n“(x') = 0} C {x : B{x') = 0}. 

By Lemma 16.31 we can argue by density and we can assume that B G 
C°°(w ;B = 0 in a neighborhood of {x' : n“(a:') = 0}, fi G 
5 ); C°°((5; R^)), and 02 G Cf^{uj x Q; K^)). In addition, 

since u G .4(a;), by (16.ip there exist a G and g G C°°(w;R^) such that 

B = sym V' g + an“. 


Set 


v’^{x) := u{x') + h{{x'i + a{x'))nu{x') + {g{x') ■ V')y{x')), 
R{x') := {y/'u{x')\nu{x')), 
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and let 

for a.e. x G fl, where 

(^1 := + 71 X 3 ^ Q and ^2 ■= R 4 ’ 2 - 

Arguing similarly to nzi Proof of Theorem 2.4 (upper bound)], it can be shown 
that (|6.3I) holds. 


Case 2: 71 = 0 and 72 = + 00 . 

By Lemma Th. 2 1 and Corollary 16.41 it is enough to prove the theorem for u G A{ui). 


By Corollary 16.41 there exist B G L^(w;Mgyj^), ^ G r] G 


L2(L!;fp2,2(g))^ X F), * = 1,2,3, and 0 x g;lFpi'?(Q; 

such that 


^(y,z 


‘ClxQxQ 


■ sym 


a;3n“(a;')+5(a;') 0 
0 0 

symyy^{x,y) + X3Vl'q{x',y) gi{x,y) 

92{x,y) 
93{x,y) 


giix,y) 92{x,y) 

+ sym {Vz 4 ’ 2 {x,y,z)\Q'^ dzdydx. 

By the linear dependence of B on 11“, in particular there holds 
{x’ : n“(x') = 0} C {x' : B{x') = 0}. 

By density, we can assume that B G C°°{uj;'WP^‘^), ^ G C^{uj;C^^{Q]R^)), rj G 
C'r(‘^;C']^r(<3)). and G C'“,(( - 5 , 5 ) x Q)), i = 1,2,3. Since u G A{uj), 

by (16.21) there exists a displacement V G C°“(a;;R^) such that 

B = sym((V'u)'^V'P). 

Set 

v^(x) := u(x') + hxsUuix') = h(V(x') + hx 3 fj,(x')), 

y(x') := (Id - nu(x') (g) nu(x'))(diV(x') A d 2 u(x') + diu(x') A d 2 V(x’)), 

R(x') := {V'u(x')\n^{x')), 
and let 

u^{x) := v^(x) - e^(h)nu(x')g(^x', 


he^ (h)x3R(x') 




dx2V(x\ ■ “ 


eih) 

A—d 

7(h) ^V2 


1_ f) in ( ^ 
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he{h)R{x') 




+ ^ ^ R{x’)g^x’,t, + h£^ih)Rix')4'(^x 


e{h) ’ e^{h) 


for a.e. x G ft. The proof of (16.31) is a straightforward adaptation of [371 Proof of 
Theorem 2.4 (Upper bound)]. □ 


Proof of Theorem \l.l\ Theorem 11.11 follows now by Theorem 15.II and Theorem l6.5l 

□ 


7. Appendix 

In this section we collect a few results which played an important role in the 
proof of Theorem ll.il We recall that in Case 2, we claimed that the maps are 
piecewise constant on cubes of the form Q{e{h)z,e{h)), z G Z^. Indeed, this holds 
if we show that for every z G Z^ there exists z' G Z^ such that 

Q{e{h)z,e{h)) C Q{d{h)z', 6(h)) 
or, equivalently, with m := G N, 



The next lemma attests that this holds provided m is odd. 

Lemma 7.1. Let a G Nq. Then for every z G 1 there exists z' G'L such that dZlD 
holds with m = 2a + 1. 


Proof. Without loss of generality we may assume that z G No (the case in which 
z < 0 is analogous). Solving (17.11) is equivalent to finding z' G Z such that 


fz - i > (2a+ l)z'- 

|z + i < (2a + l)z' + ^2^^ 

that is 

f z > (2a + l)z' — a, 
l^z < (2a + l)z' + a. 

Let n, 1 G No be such that z = n{2a + 1) + 1 and 

/ < 2a + 1. 


Then (|7.3p is equivalent to 


Ti{2a T 1) T ^ T a ^ (2a -t- \-)z\ 
n(2a + 1) + Z — a < (2a + l)z'. 


(7.2) 


(7.3) 


(7.4) 


(7.5) 


Now, if 0 < Z < a it is enough to choose z' = n. If Z > a, the result follows setting 
z' := n + 1. Indeed, with a+l>r>lGN such that Z = a + r, dLSJ simplifies as 


n(2a + 1) + 2a + r > (2a + l)(n + 1), 
n(2a + 1) + r < (2a + l)(n + 1), 
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that is 

f 2ci r ^ 2 q “t" 1 
|r < 2a + 1, 

which is trivially satisfied. □ 

Remark 7.2. By Lemma [7.11 it follows that, setting p := and provided p is 
odd, for every z ^1? there exists z' G 1? such that 

Q{e^{h)z,e^{h)) C Q{6{h)z,S{h)). 

This observation allowed us to construct the sequence {R^} in Case 3 of the proof 
of Theorem 11.11 

Remark 7.3. We point out that if m is even there may be z G Z such that (EID 
fails to be true for every z' G Z, i.e. 


( 1 

1 \ 

I r / 

m\ 

{ z — -,Z + 

7 : 

g mz - ,mz 

H —— ) 

V 2 

2/ 

^ V 2 

2 / 


Indeed, if m is even, then 2 ; = |m G N and (IL21) becomes 


3 
2 

|to — 5 > mz' — Y 
|to + i < mz' + Y, 


which in turn is equivalent to 


z' G 


2 m’ 2m. 


This last condition leads to a contradiction as 


for every m G N. 


We conclude the Appendix with a result that played a key role in the identifica¬ 
tion of the limit elastic stress, and in the proof of the liminf and limsup inequalities 
dOJ and m- We omit its proof, as it follows by [Ml Lemma 4.3]. 

Lemma 7.4. Let cS : x x —>• [0, -boo) be such that 

(i) ^{y,z,-) is continuous for a.e. y,z € 

(ii) L2{-,-,F) is Q X Q-periodic and measurable for every F G 

(in) for a.e. y,z € R^, the map .^{y,z,-) is quadratic on and satisfies 

^IsymFp < .^{y,z,F) = ^(y, z, symF) < CIsymFp 

for all F G and some C > 0. 

Let {E^} C and E G Lf{Ll x Q x be such that 

dr—3 — s 


E" 


E weakly dr-3-scale. 


Then 


liminf/" ^(^^,^—,E’'{x)\dx> f f f B{y,z,E{x,y,z))dzdydx. 

Jn £^{h) ) JnJQjQ 


If in addition 


E" 


dr—3—s 


E strongly dr-3-scale, 
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then 


lim 

/ t ->0 


n^Ve(/i)’ e2(/i) 


.E^{x))dx= [ [ [ 
' JqJqJq 


^{y, z, E{x, y, z)) dz dy dx. 


8 . Concluding Remarks 


The rigorous identification of two-dimensional models for thin three-dimensional 
structures is a classical question in mechanics of materials. Recently, in m. m 
and simultaneous homogenization and dimension reduction for thin plates has 
been studied, under physical growth conditions for the energy density, and in the 
situation in which one periodic in-plane homogeneity scale arises. 

In this paper we deduced a multiscale version of m and [ 22 ], extending the 
analysis to the case in which two periodic in-plane homogeneity scale are present, 
in the framework of Kirchhoff’s nonlinear plate theory. Denoting by h the thick¬ 
ness of the plate, and by e{h) and e^{h) the two periodicity scales, we provided a 
characterization of the effective energy in the regimes 


lim —— := 7 i G [ 0 , -bool and 
e{h) 


lim — 
h^o e‘ 


(h) 


; = 72 = -boo. 


The analysis relies on multiscale convergence methods and on a careful study of 
the multiscale limit of the sequence of linearized three-dimensional stresses, based 
on Friesecke, James and Muller’s rigidity estimate ([H Theorem 4.1]). 

The identification of the reduced models for 71 = 0 and 72 G [0, -boo) remains 
an open problem. 
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